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1. Asmall sports club has 12 adult members and 14 junior members.
The club needs to enter a team of 8 players for a particular competition.
Determine the number of ways in which the team can be selected if

(i) there are no restrictions on the team,

(1)
(ii) the team must contain 4 adults and 4 juniors,
(2)
(iii) more than half the team must be adults.
3)
(L) 12+ 14 =16 "Ce=_ 0
(n-)ic!
PCg = 1560035 ©
(W) *Cq x "C, = 495 x 1001 = 495495 @
(iiL\, 22 =4 SO consider coses:
S adults : Cg x "Cq = 342 x 344 = 23R 233
O .
b adults = Cp x "C, = Qqia x 9 = R40%4
12 G
Fodults :  Co x "C, = 399 «x |4 = || 033
17 lqc _ _ @
3 adults : Cq x o = 495 x | = 495
23R 283 + % 0%4 + 1| 0%8 + 495 = 333455 ©
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Question 1 continued
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2. Solve the recurrence system

(9)

And. aux'\\iO\V\j ea&qhon :

qlkm-o - \I)_U._n..l.! + q‘\k._n' =0

Q*-12c +4 =0 \ ©

Solve for ¢

(3r-2)" =0

s ©
(= =

19 o fepeated. (oo, S0 the Comp\emenkm\)\) funchon

has the formn CF = (A~ Bn) X(—%-G)

Ua= CF +PS <0 Pind\, P

2n _has form pr+q  So PS has form 0N+ o

Subshhute into ori %'\na\ :

Qlalnrd) +b) - 12(alne) + b) + Llan+h) = 20 O

q(our\+'m+h\ - |9_L(m+ou—® + 4lan+b) = 23n

(G-12+ a4Yan + (A%2 - 12x) o + (A-12+ )b = 2n

an + bo. + o= 3n Lo=3 O

ba+rb =0 = I8 +b=0 = b=-rk O

PEDNRN AW

yA

(A +Rn)x(3 + 2n-18 O
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Question 2 continued

Use W, =l and U,=4 to find A, B:

pl

| = (@) *(F) + 30 - 1%

___
)

Z(A+R) - 15

A+ &

3
: £

D 14 = A+8

\2

%) x \H+8m\) +3(2) - 1%

ya
N 7

L+=

4 =—;*—(A+9_33 -2

q
I

x — = A +19R
%

@ 2b=0+18

@-0: =11

O Aa+12=90 => A

S
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Question 2 continued
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Question 2 continued
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where K is a constant.

(@) Show that, in terms of k, a characteristic equation for M is given by

J3—(2k +13)4 +5(k+6) =0
(3)

Given that det M =5
(b) (i) find the value of k

(ii) use the Cayley-Hamilton theorem to find the inverse of M.

(7)

(0) det(A-AI) =0

I\\

1

i

|
O O s
O > O
> |0 O

]

Q

-A kb -2 @

2 -u4-h | = (=ALEa-D3-A) - (1x2)

~ b loa-0 - 121 = 2] 2x2 - (6 -2

-t + A+ A7) - k(5-2)) = 2(3 +2)

-
0

SV W L 115 S L S A A 2. N B

-
)

0=-2%+b+1DA - 5(k+b)

0=2-0kb+DA +5(k+b) O
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Question 3 continued

(YD) N2 -(2k+13)A + 5(k+b) = §

S(p+6) 5 O

k. + b

s

k = -3 O

(mg\e%— Homillon Theorem:

({)  Hence b:x) the C-H theorem :

E_\:e,»/\\)\J Squase mobnx 12 o
Soluhon o ik's cwn

Mm>+m-51=0 O ~

chafacteAshc

x M

M2+ T-5M" =00

e_avmh oW\.
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X
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M

m' = sm>2+I)0O ¥

r
215 1% -I5 (1 o

0)
Mm>*+I=|-5 4 =-s|+]0o ' ©

3 -9 aj |0 0

r‘“-l' I+ —|SW

m' =<c|-5 5 -5|0
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Question 3 continued
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Question 3 continued
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‘ZWA » |nitial line

o _— O < 30cm >

Figure 1 Figure 2

Figure 1 shows a sketch of a design for a road speed bump of width 2.35 metres. The
speed bump has a uniform cross-section with vertical ends and its length is 30cm. A side
profile of the speed bump is shown in Figure 2.

The curve C shown in Figure 2 is modelled by the polar equation
r=30(1-6? 0<0<1

The units for r are centimetres and the initial line lies along the road surface, which is
assumed to be horizontal.

Once the speed bump has been fixed to the road, the visible surfaces of the speed bump
are to be painted.

Determine, in cm?, the area that is to be painted, according to the model.
(10)

Use '\n\—egro&\'o«\ bo fnd. the area. under the cuve C:

r

Area. = |5 (% dd

Vl—-

r _L

120(1-6%)] a6 O

Yol

- | 3% (1-6%) 46

v,
= 450 | 0% - 10" + 1| d6
0
- 450 |6-L0°s Lp° 0
- ) IS 0
=450 |1 -2+
= 3 d
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Question 4 continued

= 240em> O

2
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(-18)| ©
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A

q00 (1-90% +8%) + 2L008"

q00 6% + 18008* + 4q00

= qo0(1+0%Y

®

Lengl'h 0{1 cune \S:

30

r ! —
2 [OS z
Eo\lf +(a?\l dé

Tolol sucface areq :
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1% 240 + 135 x 40

= 9%30cm”
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Question 4 continued
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Question 4 continued
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5. A transformation T from the z-plane to the w-plane is given by

1-3z )
w= —— Z#—2I
Z+ 21

The circle with equation |z +i|=3 is mapped by T onto the circle C.

(@) Show that the equation for C can be written as

3w+3[=[1+(3-w)i|
4)

(b) Hence find
(i) a Cartesian equation for C,

(i1) the centre and radius of C.

(6)

()  w= 1-32 (easfonde for 2 = ..
Z+ 00 U

(F+20w = 1-3%3z O©

w2 + 2Lt = |- 32

w2 + 32 = -2t

|- Lo

(3+w)Z

7z = |_Q_Lw @ N\,

3+ ) subshitule = =,

' into equahon of ciccle
2+t =3 fo_get "cifcle in terms

Olp ‘J(D

|-Jwo + || =3

3+

[-%iw + (2+uwdL = 3|3+ us| O
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Question 5 continued

L+ - ws + w | = 3[3+ w

|+ (3-w)L ] =33+ | O

J

& has real (W) and i Mao}rLan

(V) |oaurl—s.

|+ (2-w-vHL| = 2|yu+2+wu| O

| + L -yl +V = 2| u+ 32+ VL

(3-w)i+ (v+1) | = 2| u+3+
T

Spit into eal and '|maca\nanj pacts

(2-wW)* = (v+D" = Q[ (e + v | @

M
0

() 9-buw+u® + vi+2v +|

9-bu+rul +v> +2u+ | = QUi+ bu+Qq +Vv*

10 -bu+uw” + Vv + 2v - QW -5u-% -Av* =0

20 - 0w - NE+F 2 —F = 0

% -|

N
L
B 0w T - v +F =0 N\ O

) complete the

N2 4 N2 —~ >
(w+ =) + (v-=) = == Y  <gouae
‘ ° o5 7

\

1
S Podius 1 /333 = 33 ®, centre = (-15 )
Ny 3 \ 4 8

. J

\ ®
)
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Question 5 continued
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Question 5 continued
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2 6
3 5
4
Figure 3

Figure 3 shows a plane shape made up of a regular hexagon with an equilateral triangle
joined to each edge and with alternate equilateral triangles shaded.

The symmetries of this shape are the rotations and reflections of the plane that preserve
the shape and its shading.

The symmetries of the shape can be represented by permutations of the six vertices
labelled 1 to 6 in Figure 3. The set of these permutations with the operation of
composition form a group, G.

(a) Describe geometrically the symmetry of the shape represented by the permutation

1 2 3 4 5 6
345 6 1 2

(@)
(b) Write down, in similar two-line notation, the remaining elements of the group G.
(4)
(c) Explain why each of the following statements is false, making your reasoning clear.
(i) G has a subgroup of order 4
(i) G is cyclic.
(2)
Diagram 1, on page 23, shows an unshaded shape with the same outline as the shape in
Figure 3.
(d) Shade the shape in Diagram 1 in such a way that the group of symmetries of the
resulting shaded shape is isomorphic to the cyclic group of order 6
()

®
(@) A rofahon about the centre of the. shape thoughn on
angle of 110° anticloclkwise. ©
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Question 6 continued
@ [}
(b) | 2.3 45 b | eq (otahon

b
\) 2
56 1 23 4] 140° clocewize — 3‘\/“ 3

: 0] e.q reflechon b 4 “ b
23 45 b of “rotohon —

543 210 b ) <shown above I

’ e.q reflechon 4 ,
123 456 o} “rotakion —>
- 32165 %) gvenin (o) s . s
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Question 6 continued
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~ | Question 6 continued
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(@) Show that, forn >0

(b) Find 1,

In:‘[(4—x2)‘”dx n>0

2n—1
In+1 = = n + “ In
8n(4 — x?) 8n

()

(3)

(&) T, = |l x (& -x*) dx
Applu_inteqiabion by parts = uy' = wv - [vw
I'l'd d \) f \J ~

vi=]| => Vv =

w=(4-x)" = W= -Tex-nx (4-xD"

m N

To = xla-xD""* | 1x®n(4-)" dx O
— toke out constont fackor

s

To = xla-x" + 20 | (4 -c*-a) (4—DCLTM dx

~
-+ U
DC/) a.x

Ta= 3&(4—3@'\-“+ n ] (-4 - = o (4-

~ N

(n+1)

Ta= 3C(4—3C3'Tn+ n ! (.4-307')—0 doc - [n (J-L—-JC.ZY Ax

J

Ta= JC,((-*"DC./ZS“ + Inla — %V\Ir\+l @

e Laer = cla-x2) + 90T - T

N

Ir\+| = :)C(L\"‘x:_\-“ + (Zﬂ-QIr\

N @n

Taw = L + (Zﬂ' |3.]’:1\ @

n (& - )" 2N

24

P 6 2 6 8 1 A 0 2 4 3 2

O
0otetete e
o'

< SRR ICICRK K ISR K LI K X AN
et ot a s o St et e St et o te et b tetete e teds

s

>
SRR

e
SESRRETSE

R IRGELERKELLRIES
R ARIERRRRLRRIIHS

R RIEEIRSEEIIRICAK KKK
KGRI KKK K RGIREIEIIEIKIIIEAKRKL

SIS IEHIK A SIS
9%
20X

6

%
9
}-

K KGRI

%
kS

5%

G5

4

5
Q&
@18
0%
%

2

& -
Batetatiteds
Lo
pogeT vated
0
>

R
oo
K
2
10
%
2905

<
X
25
&
o
5
X
199
0%
o%%

%

22
K
S
X,
o3
BEE

Batetelototoless

RERRRE,
SRS
0t

<
5
<5
092
258
9%

%% %%
CXRKX>

0%
ERREY

%

<
X
6%
<
XA











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































poosy

KBTS

KPS

O

O
2% 0%

& ‘?&
RRBEK
-

O o~
é?%%% S0DEERK
)

<

X

(0% %

SRAGLES

S-S

D% %%

KIS
36 A:Q
207708y

CORNKS
ORKEE
NI
KIS
9%
S8

<
2

FX
LR
K

X

g@@%&
LR
LS
g@?&%
g@%&%
CRRHRS

PhysicsAndMathsTutor.com

r

Question 7 continued

(b) T,

J L-x*

A\

in_formwla bodeler

RN A\

'
2 kz

& -x® %

x + 1 17,0 using formula fom (), =1

=L + ' tol' (XN +c O©
\z)

J
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Question 7 continued
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Question 7 continued
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8. The four digit number n = abcd satisfies the following properties:
(1) n=3 (mod 7)
(2) nisdivisible by 9
(3) the first two digits have the same sum as the last two digits
(4) the digit b is smaller than any other digit
(5) the digit c is even

(@) Use property (1) to explain why 6a + 2b + 3¢ + d = 3 (mod 7)

()
(b) Use properties (2), (3) and (4) to show that a+b =9
(4)
(c) Deduce that c=5(a— 1) (mod 7)
(2)
(d) Hence determine the number n, verifying that it is unique. You must make your
reasoning clear.
4)
(&) n can be writen 08 n = 1000 + 100b + 10c + d O
1000 (mod#) = b (modF) < 1000 = \wF xF «b
100 (mod #) = 1 (modF) < (00= |4x++2
0 (mod#) = 3 (mod#) < o= [x%+3
| iclents

n=ba+9bh +2+d (Mmd?F) O

(b) N is di,vis'lblebtx)q = o0 +b+c+d-=9k

a+d =b+c = Aa+d+ a+d =9k

2 (a+d) = 9k

S ki divigible bg 9, o it IS even.
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Question 8 continued

A+b+c+d mustbe ob least 3 . and. at most 25
(becouse b is smaller than all other numbers).

|+ 0+1+1=3 ot leask, 9+8+q+9 =35 ot most

2< g+b+c+d £ 235 s b=17

Soo+b = 9

() C,omlo\(\'m% () agnd. (b) %'\ve3=

3= ba + 9h+ 3¢ +d (mod #)

Loth) + 4@ + (c+d) + 1 (wmd #)

l(k+\o=c+oL=q
2(q) + 40. + 9 + 2c¢ (mod.?)

O
1

oS
i

S
i

Lo + Qe + 9F (mod¥) O

1c = —4a - 24 (mod #)

~4(a+b) (mod ) N\ -4 (modF) = 2 (mod F)

2 (a-1) (mod P Y L (modP) = - (mod ¥

\
1

12 (o= (mod ) N 2 (mod. F) | (mod.F)

V4
o)
e

fl

5 (o= (mod ¥ O 19 (modF) = 5 (modF)

O
]
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Question 8 continued

(d)

b>0o and. a+b =9 =0

S < a ¢9 ®

e i?— a<S ten bs>a

=9 = c=5 (md?F) =

C=95 contmdicts (5)

=8 = =0 (modF) =

C=0 orF bk c=F

contadicts (5), and.

e o+h=9 —

< t =

L=F = c=] (modF) =

C=) butaso b=17

when a=7F_ ond beC

30 not possible. O

=56 = =4 (mod?F) =

C=4 . d =5 whle

&=b, b=3 which

a+b =c+d =9 —

wackes.

=5 = c=z=p (mod¥) =

C=b, d=3 and

b=¢  but then d<b
which contcodicts (4)

o= 6345 O
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Question 8 continued
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Question 8 continued

(Total for Question 8 is 12 marks)

TOTAL FOR PAPER IS 75 MARKS
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